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ON SYMPLETIC LIFTS OF ACTIONS FOR COMPLETE LAGRANGIAN
FIBRATIONS
JUAN CARLOS MARRERO AND EDITH PADRO´N
Abstract. In this note we discuss symplectic lifts of actions for a complete Lagrangian
fibration. Firstly, we describe the symplectic cotangent lifts of a G-action on a manifold Q
in terms of 1-cocycles in the cohomology of G induced by the action with values in the space
of closed 1-forms on Q. After this, we consider the general case of complete Lagrangian
fibrations.
Dedicated to our friend Alberto Ibort on the occasion of his 60th birthday
1. Introduction
A Lagrangian fibration pi is a surjective submersion with total space a symplectic manifold
M and such that the fibers of pi are Lagrangian submanifolds of M. It is well-known that
Lagrangian fibrations are closely related with the theory of Arnold-Liouville of completely
integrable systems [1, 2] and this is a good motivation for the discussion of such objects. The
typical example of a Lagrangian fibration is the canonical projection from the cotangent bundle
T ∗Q of a manifold Q over Q. This Lagrangian fibration is complete because the vertical lift of
every 1-form on Q is a complete vector field on T ∗Q (see, for instance, [5] for the definition of
the vertical lift of a 1-form to the cotangent bundle).
The vertical lift to the total space of an arbitrary Lagrangian fibration pi of a 1-form on the base
space is also well-defined vector field and, by analogy with the case of the cotangent bundle, pi
is said to be complete if such vector fields are complete.
Every complete Lagrangian fibration pi : M → Q defines a new complete Lagrangian fibration
with total space the quotient T ∗Q/Λ and base space Q, where Λ =
⋃
q∈Q Λq is a Lagrangian
submanifold of T ∗Q and Λq is a discrete subgroup of the additive group of T
∗
qQ. In fact,
T ∗qQ/Λq is (non-canonically) diffeomorphic to the Lagrangian fiber pi
−1(q). However, M and
T ∗Q/Λ are not, in general, globally isomorphic. Under a strong hyphothesis, the presence of
a global Lagrangian section of the fibration pi : M → Q, one may prove that there exists a
global fiber-preserving symplectomorphism between M and T ∗Q/Λ. The Lagrangian fibration
piQ : T
∗Q/Λ→ Q is called the symplectic reference of pi :M → Q (for more details, see [4]).
On the other hand, it is well-known that the standard example of a sympletic action on the
cotangent bundle of a manifold Q is the cotangent lift of an action φ on Q. This action is very
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interesting from a mathematical and physical point of view. In fact, it plays an important role
in the study of symmetric Hamiltonian systems (see, for instance, [1, 6, 7, 8]).
The aim of this note is to discuss symplectic lifts of actions for complete Lagrangian fibrations.
First of all, we consider the particular case when the Lagrangian fibration is the standard
projection piQ : T
∗Q → Q. In such a case, we prove that every symplectic lift of a G-action φ
on Q is the composition of the cotangent lift of φ with a translation. This translation is given
by a 1-cocycle in the cohomology of G induced by φ with values in the space of closed 1-forms
on Q. Moreover, the symplectic action is completely determined, up to isomorphism, by the
cohomology class of the 1-cocycle. In the general case of an arbitrary complete Lagrangian
fibration pi : M → Q, we prove similar results using the symplectic reference piQ : T
∗Q/Λ→ Q
of pi :M → Q.
The note is structured as follows. In Section 2, we discuss the symplectic lifts of actions for the
standard Lagrangian fibration piQ : T
∗Q → Q and, in Section 3, we obtain the corresponding
results for an arbitrary complete Lagrangian fibration.
2. symplectic cotangent lifts of actions on a manifold
Let Q be a manifold of dimension n. We denote by θQ the Liouville 1-form, by ωQ = −dθQ
the canonical symplectic structure on the cotangent bundle T ∗Q and by piQ : T
∗Q → Q the
corresponding projection of T ∗Q on Q.
In addition, we suppose that we have a left action φ : G × Q → Q of a Lie group G on Q.
Denote by T ∗φ : G× T ∗Q→ T ∗Q the cotangent lift action given by
(T ∗φ)gαq := T
∗
φg(q)
φg−1 (αq), for g ∈ G and αq ∈ T
∗
qQ.
The cotangent lift T ∗φ of the action φ : G×Q→ Q is a fiberwise symplectic action, i.e.
piQ ◦ (T
∗φ)g = φ ◦ piQ, and (T
∗φ)∗gωQ = ωQ, for all g ∈ G.
Now, we ask about if it is possible to consider other symplectic actions on (T ∗Q,ωQ) which
fiber on φ.
It is well-known that a diffeomorphism F : T ∗Q→ T ∗Q on T ∗Q preserves the Liouville 1-form
θQ if and only if there is a diffeomorphim f : Q→ Q such that F = T
∗f (see Proposition 6.3.2
in [7]). So, if F is a fiber-preserving diffeomorphism then F is the identity.
Moreover, we may prove the following result.
Proposition 2.1. Let F : T ∗Q→ T ∗Q be a diffeomorphism which is fibered over the identity.
The following statements are equivalent:
(i) F is symplectic with respect to the canonical symplectic structure ωQ on T
∗Q.
(ii) There exists a unique closed 1-form α on Q such that F is just the fiber translation
tα : T
∗Q→ T ∗Q by α, that is,
tα(γq) = γq + α(q), for all γq ∈ T
∗
qQ.
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Proof. Suppose that F is the fiber translation tα by a 1-form α on Q. Then, a direct proof
using local coordinates allows to obtain the following formula
(2.1) F ∗ωQ = t
∗
αωQ = ωQ − pi
∗
Q(dα).
Thus, if α is closed,
F ∗ωQ = ωQ.
Conversely, if (i) is satisfied, we can consider a 1-form α ∈ Ω1(Q) given by
α(q) = F (γq)− γq,
where γq is an arbitrary element of T
∗
qQ. We will see that, for each q ∈ Q, this definition
does not depend on the choice of γq ∈ T
∗
qQ, or equivalently, the linear map Tγq (F − idT∗Q) is
null on vertical vectors. Note that, since F is fibered over the identity, the map F − idT∗Q is
well-defined.
Let λ be a 1-form on Q, then its vertical lift Xpi∗
Q
λ is a vector field on T
∗Q which is characterized
in terms of the canonical sympletic structure on T ∗Q as follows (see [5])
(2.2) iXpi∗
Q
λ
ωQ = pi
∗
Qλ.
In fact, we have that (see [5])
(2.3) Xpi∗
Q
λ(βq) =
d
dt |t=0
(βq + tλ(q)) for βq ∈ T
∗
qQ.
This implies that the vertical bundle VβqpiQ of piQ at the point βq ∈ T
∗
qQ is
VβqpiQ = {Xpi∗Qλ(βq)/λ ∈ Ω
1(Q)}.
Moreover, if f is a fiberwise linear function on T ∗Q then there exists a vector field Y on Q such
that f = Ŷ , that is,
(2.4) f(βq) =< βq, Y (q) >, for βq ∈ T
∗
qQ,
and one may prove that
(2.5) Xpi∗
Q
λ(Ŷ ) = λ(Y ) ◦ piQ.
Now, from (2.2) and using that F is symplectic, we have that
iXpi∗
Q
λ
F ∗(ωQ) = iXpi∗
Q
λ
ωQ = pi
∗
Qλ = (piQ ◦ F )
∗λ = F ∗(pi∗Qλ) = F
∗(iXpi∗
Q
λ
ωQ).
As a consequence, using the non-degeneracy of ωQ, we deduce that
(2.6) TγqF (Xpi∗Qλ(γq)) = Xpi∗Qλ(F (γq)) for all γq ∈ T
∗
qQ.
On the other hand, since piQ ◦ F = piQ then Tγq (F − idT∗Q)(Xpi∗Qλ(γq)) is a vertical vector, so
it is characterized by its value on fiberwise linear functions f ∈ C∞(T ∗Q). Thus, using (2.5)
and (2.6), we have that
Tγq(F − idT∗Q)(Xpi∗Qλ(γq))(f) = Xpi∗Qλ(F (γq))(f)−Xpi∗Qλ(γq)(f) = 0,
which proves the proposition.

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Now, suppose that we have an arbitrary symplectic action Φ : G × T ∗Q → T ∗Q such that
projects on an action φ : Q→ Q, i.e. the following diagram commutes
T ∗Q
piQ

Φg
// T ∗Q
piQ

Q
φg
// Q
and Φ∗g(ωQ) = ωQ, for all g ∈ G. We ask about how are these symplectic actions on T
∗Q. The
following result gives an answer to this question.
Proposition 2.2. Let Φ : G × T ∗Q → T ∗Q be a symplectic action of a Lie group G on
(T ∗Q,ωQ) whose projection on Q is the action φ : G×Q→ Q. Then, there exists a differentiable
map A : G×Q→ T ∗Q such that
(i) A is fibered on Q, i.e. piQ ◦A = pr2, where pr2 : G×Q→ Q is the canonical projection
on the second factor.
(ii) For each g ∈ G, the 1-form Ag on Q is closed.
(iii) The action Φ is given by
(2.7) Φg = (T
∗φ)g ◦ tA(g), for all g ∈ G.
In particular, Φ is an affine action. Moreover, Φ is linear if and only if Φ is the cotangent lift
T ∗φ of φ.
Proof. Let g be an element of the Lie group G. The map Fg = (T
∗φ)g−1 ◦ Φg satisfies the
hypothesis of Proposition 2.1. Thus, there exists a unique closed 1-form Ag on Q such that
Φg = (T
∗φ)g ◦ tA(g). 
Therefore, if Ω1c(Q) denotes the set of closed 1-forms on Q, every symplectic fiberwise action is
affine and it induces a map A : G → Ω1c(Q) satisfying (2.7) but, does each one of these maps
induces an affine symplectic fiberwise action? The following result give us the necessary and
sufficient conditions on the map A : G → Ω1c(Q) to ensure that the map Φ
A : G × T ∗Q →
T ∗Q related with A by (2.7) is a symplectic action. Previously, we introduce the following
cohomology complex induced by the action φ (see, for instance, [3]):
• A n-cochain is a map A : G× n. . . ×G → Ω1(Q) and Cn(G,Ω1(Q)) denotes the set of
the n-cochains. The 0-cochains are the 1-forms on Q.
• The coboundary operator δφ : C
n(G,Ω1(Q))→ Cn+1(G,Ω1(Q)) is given by
(δφA)(g1, . . . , gn+1) = (−1)
n+1A(g2, . . . , gn+1) +
+
n∑
i=1
(−1)n+i+1A(g1, . . . , gi−1, gi · gi+1, . . . , gn+1) +
+φ∗gn+1(A(g1, . . . , gn)).
Since the exterior differential is linear and commutes with the pull backthen the sets Cn(G,Ω1c(Q))
of the n-cochains with values in the closed 1-forms onQ define a subcomplex of (C•(G,Ω1(Q)), δφ).
We denote by Hk(G,φ,Ω1c(Q)) the corresponding cohomology groups. We will see that the
ON SYMPLECTIC LIFTS OF ACTIONS FOR COMPLETE LAGRANGIAN FIBRATIONS 5
first cohomology group H1(G,φ,Ω1c(Q)) allows to classify the symplectic actions on T
∗Q which
project on φ.
Theorem 2.3. Let φ : G×Q→ Q be an action of the Lie group G on a manifold Q and A be
a map from G to Ω1(Q). Then,
(i) The map ΦA : G× T ∗Q→ T ∗Q given by ΦAg = (T
∗φ)g ◦ tA(g) is an action if and only
if A is a one-cocycle in the cohomology complex (C•(G,Ω1(Q)), δφ).
(ii) ΦA is also symplectic if and only if A(g) is a closed 1-form on Q, for all g ∈ G, i.e.
A is a one-cocycle in the cohomology subcomplex (C•(G,Ω1c(Q)), δφ).
Proof. The left action condition ΦAgh = Φ
A
g ◦ Φ
A
h is equivalent to the relation
(T ∗φ)gh(A(gh)(q)) = (T
∗φ)gh(A(h)(q)) + (T
∗φ)g(A(g)(φh(q))).
If we apply (T ∗φ)(gh)−1 in the previous equality, then we have
A(gh) = A(h) + φ∗h(A(g)), ∀ g, h ∈ G.
Note that this last condition implies that A(e) = 0, where e is the identity element of G.
Therefore, ΦA is an action if and only if A is a one-cocycle in the cohomology complex
(C•(G,Ω1(Q)), δφ).
On the other hand, using (2.1) and the symplectic character of the cotangent lift action, we
deduce
(ΦAg )
∗(ωQ) = t
∗
A(g)((T
∗φ)∗gωQ) = t
∗
A(g)ωQ
= ωQ − pi
∗
Q(d(A(g))).
Thus, ΦAg is symplectic if and only if A(g) is a closed 1-form on Q, for all g ∈ G. 
Note that the previous results give us a relation between symplectic actions on (T ∗Q,ωQ)
whose projection on Q is φ : G × Q → Q and one-cocycles in the cohomology complex
(C•(G,Ω1c(Q)), δφ). Using these facts, we will see in the following theorem that the first coho-
mology group H1(G,φ,Ω1c(Q)) of this complex allows to give a classification of these symplectic
actions on (T ∗Q,ωQ).
Theorem 2.4. Let φ : G ×Q → Q be an action of a Lie group G on a manifold Q. If A,B :
G → Ω1c(Q) are two one-cocycles in the cohomology complex (C
•(G,Ω1c(Q)), δφ), and Φ
A and
ΦB their respective affine symplectic actions on (T ∗Q,ωQ), then exists a symplectomorphism
F : T ∗Q→ T ∗Q such that
piQ ◦ F = piQ and(2.8)
F ◦ ΦAg = Φ
B
g ◦ F, for all g ∈ G(2.9)
if and only if [A] = [B] ∈ H1(G,φ,Ω1c(Q)).
Proof. Suppose that F : T ∗Q → T ∗Q is a symplectomorphism which satisfies (2.8) and (2.9).
Then, using Proposition 2.1, we deduce that there exists a closed 1-form α on Q such that
F = tα. Since tα ◦ Φ
A
g = Φ
B
g ◦ tα, we have that
(T ∗φ)g(γq +A(g)(q) + α(φg(q))) = (T
∗φ)g(γq +B(g)(q) + α(q)),
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for all γq ∈ T
∗
qQ. Thus, we deduce
(A−B)(g) = α− φ∗gα = δφ(−α)(g),
that is, [A] = [B].
Conversely, if [A] = [B], then there exists a closed 1-form α on Q such that (A − B)(g) =
δφ(α)(g) = φ
∗
gα− α. Thus, F = t−α satisfies the conditions of the theorem. 
Example 2.5 (The Heisenberg group). Let Q = R3 ∼= R2 × R be the Heisenberg group
endowed with the group law
(x, y, t) · (x′, y′, t′) = (x+ x′, y + y′, t+ t′ + xy′), for all (x, y, t), (x′, y′, t′) ∈ R3.
We consider the action φ : R3 × R3 → R3 defined by the group operation. The cotangent lift
action T ∗φ is
(T ∗φ)(x0,y0,t0)(x, y, t, α1, α2, α3) = (x+ x0, y + y0, t+ t0 + x0y, α1, α2 − x0α3, α3).
Here we have identified T ∗R3 ∼= R6.
Let A : R3 → Ω1c(R
3) be the one-cocycle
A(x0, y0, t0) = x
2
0dy + 2x0dt for all (x0, y0, t0) ∈ R
3.
Note that
A(x0 + x1, y0 + y1, t0 + t1 + x0y1) = A(x1, y1, t1) + φ
∗
(x1,y1,t1)
A(x0,y0,t0).
Suppose that A is a coboundary in the cohomogy complex (C•(R3,Ω1c(R
3)), δφ). Then there
exists a closed 1-form α = α1dx+ α2dy + α3dt such that A(x0, y0, t0) = φ
∗
(x0,y0,t0)
α− α for all
(x0, y0, t0) ∈ R
3, i.e.
0 = α1 ◦ φ(x0,y0,t0) − α1,
x20 = α2 ◦ φ(x0,y0,t0) + x0α3 ◦ φ(x0,y0,t0) − α2,
2x0 = α3 ◦ φ(x0,y0,t0) − α3.
At the point (0, 0, 0) ∈ R3 we have that
α1(x0, y0, t0) = α1(0, 0, 0),
α2(x0, y0, t0) = x
2
0 − x0α3(0, 0, 0) + α2(0, 0, 0),
α3(x0, y0, t0) = 2x0 + α3(0, 0, 0).
On the other hand, since α is closed
∂α1
∂y
−
∂α2
∂x
= 0,
that is, 2x0 − α3(0, 0, 0) = 0 which it is not possible. Thus, [A] 6= 0.
The new symplectic action on T ∗R3 is
Φ(x0,y0,s0)(x, y, t, α1, α2, α3) = (x+ x0, y + y0, t+ t0 + x0y, α1, α2 − x
2
0 − x0α3, α3 + 2x0),
and (T ∗R3,Φ) is not symplectomorphic to (T ∗R3, T ∗φ).
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3. symplectic lifts of actions on a complete G-Lagrangian fibration
The cotangent projection piQ : T
∗Q→ Q of a manifold Q has a special property: for all q ∈ Q,
its fiber T ∗qQ at q is a Lagrangian submanifold of T
∗Q, that is, piQ : T
∗Q→ Q is a Lagrangian
fibration. In this section we will extend the previous results to this kind of fibrations (with
certain topological restrictions). In order to do this, we recall some notions and properties
about Lagrangian fibrations (for more details, see [4]).
A fiber bundle pi : M → Q, with total space a symplectic manifold (M,ω), is called a Lagrangian
fibration if its fiber pi−1(q) is a Lagrangian submanifold of M, for all q ∈ Q, that is,
(3.10) kerTxpi = (kerTxpi)
ω , for all x ∈ pi−1(q),
where (kerTxpi)
ω = {v ∈ TxM/ωx(v, u) = 0 for all u ∈ kerTxpi} is the symplectic orthogonal
subspace of kerTxpi.
Consider (M,Q, pi, ω) a Lagrangian fibration. Given a 1-form α on Q, denote by Xpi∗α the
vertical vector field on M which is characterized by the following condition
(3.11) iXpi∗αω = pi
∗α.
Note that (3.10) implies that Xpi∗α is a vertical vector field with respect to pi (in fact, using
(3.10), we deduce that the vertical bundle to pi is generated by the vector fields Xpi∗α, with α
a 1-form on Q). So, if FXpi∗αt :M →M is the flow of Xpi∗α at the time t, then pi ◦F
Xpi∗(α)
t = pi
and one can prove that
d
dt
[(FXpi∗αt )
∗(ω)] = (FXpi∗αt )
∗(LXpi∗αω) = (F
Xpi∗α
t )
∗(pi∗(dα)) = pi∗(dα).
Therefore,
(3.12) (FXpi∗αt )
∗ω = ω + tpi∗(dα).
We will say that the Lagrangian fibration (M,Q, pi, ω) is complete if the vector field Xpi∗α is
complete, for all α ∈ Ω1(Q). In such a case, this vector field can be integrated up to time 1 to
give the map
(3.13)
µ : Ω1(Q)×M → M
(α, x) 7→ FXpi∗α1 (x).
In fact, one can check that (see [4])
• µ is an action: µ(α+ β, x) = µ(α, µ(β, x)),
• µ is pi-fibered: pi(µ(α, x)) = pi(x),
• µ(α, x) = µ(β, x) if α(pi(x)) = β(pi(x)),
• µ is transitive on the fibers: for all q ∈ Q, if x, x′ ∈ pi−1(q), there exists a 1-form
α ∈ Ω1(Q) such that µ(α, x) = x′.
Therefore, for each q ∈ Q, the action µ induces a transitive action of the abelian group T ∗qQ on
the fiber pi−1(q)
(3.14) µq : T
∗
qQ× pi
−1(q)→ pi−1(q), (αq, x) 7→ µ(α, x),
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where α is a 1-form on Q such that its value at q is just αq. In general, the action µq is not
free. For this reason we consider the isotropy subgroup Λq of µq. More explicitly,
(3.15) Λq = {αq ∈ T
∗
qQ | µq(αq , x) = x ∀x ∈ pi
−1(q)}.
It can be checked that Λq is a discrete subgroup of T
∗
qQ, T
∗
qQ/Λq is an abelian group and
Λ = ∪q∈QΛq is a Lagrangian submanifold of T
∗Q. In addition, we have the corresponding free
fibered action
µ̂ : T ∗Q/Λ×M →M.
On the other hand, piQ : T
∗Q/Λ → Q is a Lagrangian fibration with respect the induced
symplectic 2-form ω˜Q on the reduced space T
∗Q/Λ characterized by
(3.16) pr∗ω˜Q = ωQ,
where pr : T ∗Q→ T ∗Q/Λ is the quotient projection. Thus, (T ∗Q/Λ, Q, p˜iQ, ω˜Q) is a complete
Lagrangian fibration. Furthermore, if the fibers of piQ : T
∗Q/Λ → Q are connected and
compact, then they are isomorphic to the n-torus (for more details, see [4]).
In the particular case of the Lagrangian fibration (T ∗Q,Q, piQ, ωQ), the action (µQ)q : T
∗
qQ ×
T ∗qQ→ T
∗
qQ is the map (µQ)q(αq, βq) = αq + βq and Λq = 0.
For the complete Lagragian fibration (T ∗Q/Λ, Q, p˜iQ, ω˜Q) deduced from a complete Lagrangian
fibration (M,Q, pi, ω), the corresponding action is
(3.17) (µ˜Q)q : T
∗
qQ× T
∗
qQ/Λq → T
∗
qQ/Λq, (µ˜Q)q(αq, [βq]) = [αq + βq],
and its isotropic subgroup is just Λq.
Now, we will characterize the symplectomorphisms on the fiber bundle piQ : T
∗Q/Λ → Q.
Previously, we recall the notion of a Lagrangian section of an arbitrary Lagrangian fibration
pi : (M,ω) → Q like a section σ : Q → M of pi such that σ∗ω = 0. In the particular case of
the cotangent bundle piQ : (T
∗Q,ωQ)→ Q, a 1-form α is Lagrangian if and if it is closed, since
α∗ωQ = −dα.
Proposition 3.1. Let (T ∗Q/Λ, Q, p˜iQ, ω˜Q) be the symplectic reference of a complete Lagrangian
fibration (M,Q, pi, ω). If F˜ : T ∗Q/Λ → T ∗Q/Λ is a diffeomorphism such that piQ ◦ F˜ = piQ
then the following statements are equivalent:
(i) F˜ is a symplectomorphism, that is, F˜ ∗ω˜Q = ω˜Q.
(ii) There exists a Lagrangian section σ˜ : Q → T ∗Q/Λ of piQ such that F˜ = tσ˜, where
tσ˜ : T
∗Q/Λ→ T ∗Q/Λ is the map given by
(3.18) tσ˜([γq]) = [γq] + σ˜(q),
for all q ∈ Q.
Proof. Suppose that F˜ = tσ˜, with σ˜ a section of piQ : T
∗Q/Λ→ Q. Then,
(3.19) t∗σ˜ω˜Q = ω˜Q + pi
∗
Q(σ˜
∗ω˜Q).
In fact, for all γq ∈ T
∗
qQ, there exist a neighborhood U of q and a 1-form α : U → T
∗U on U
such that α(q) = γq and
(3.20) pr ◦ α = σ˜|U ,
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where pr : T ∗U → T ∗U/Λ|T∗U is the corresponding projection. Then, we have that
(3.21) pr ◦ tα = tσ˜|U ◦ pr.
On the other hand, using (2.1) and (3.20), it follows that
t∗αωQ = ωQ − pi
∗
Q(dα) = pr
∗(ω˜Q + pi
∗
Q(σ˜
∗ω˜Q)).
From this equality, (3.16) and (3.21), we deduce that (3.19) holds. Therefore, if in addition, σ˜
is Lagrangian, F˜ = tσ˜ is symplectic.
Conversely, if F˜ : T ∗Q/Λ → T ∗Q/Λ is a symplectomorphism, we define the section σ˜ : Q →
T ∗Q/Λ of piQ : T
∗Q/Λ→ Q by
σ˜(q) = F˜ ([γq])− [γq], with γq ∈ T
∗
qQ and q ∈ Q.
In order to prove that σ˜ is well defined, we will follow the proof of Proposition 2.1. So, we will
show that for each q ∈ Q, the section σ˜ doesn’t depend of the chosen element [γq] ∈ T
∗
qQ/Λq,
or equivalently,
T[γq](F˜ − idT∗Q/Λ)(v[γq ]) = 0 for all v[γq ] ∈ kerT[γq]piQ.
Let λ be a 1-form on Q and Xpi∗
Q
λ the vertical vector field on T
∗Q/Λ of λ with respect to piQ,
i.e.
(3.22) iXp˜i∗
Q
λ
ω˜Q = pi
∗
Qλ.
Note that
(3.23) Xpi∗
Q
λ([γq]) = Tγqpr(Xpi∗Qλ(γq)), with γq ∈ T
∗
qQ,
where Xpi∗
Q
λ(γq) is the vertical lift on T
∗Q of λ with respect to piQ : T
∗Q → Q (see (2.2)). In
fact, using (2.2), (3.16), (3.22) and the fact that piQ ◦ pr = piQ, we have
iXpi∗
Q
λ
(pr∗ω˜Q) = pr
∗(iXp˜i∗
Q
λ
ω˜Q).
So, from the non-degeneration of ω˜Q, we deduce (3.23). It is clear that (3.23) implies that the
vertical vectors Xpi∗
Q
λ([γq]), with λ ∈ Ω
1(Q), generate the subspace kerT[γq]piQ.
Now, using that F˜ is symplectic and the fact that piQ ◦ F˜ = piQ, we deduce
iXp˜i∗
Q
λ
F˜ ∗(ω˜Q) = iXp˜i∗
Q
λ
ω˜Q = pi
∗
Qλ = (piQ ◦ F˜ )
∗λ = F˜ ∗(pi∗Qλ) = F˜
∗(iXp˜i∗
Q
λ
ω˜Q).
Then, again from the non-degeneration of ω˜Q,
T[γq]F˜ (Xpi∗Qλ([γq])) = Xpi∗Qλ(F˜ ([γq])).
Therefore,
(3.24) T[γq](F˜ − idT∗Q/Λ)(Xpi∗Qλ([γq]))(f˜ ) = Xpi∗Qλ(F˜ ([γq]))(f˜)−Xpi∗Qλ([γq])(f˜) = 0,
for all function f˜ : T ∗Q/Λ→ R such that f = f˜ ◦ pr is a linear function on T ∗Q. Indeed, if Y
is the vector field on Q associated with f defined in (2.4), then, using (3.23), we deduce that
Xpi∗
Q
λ([γq])(f˜) =< λ(q), Y (q) >= Xpi∗
Q
λ(F˜ ([γq]))(f˜).
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On the other hand, since piQ ◦ F˜ = piQ, then T[γq](F˜ − IdT∗Q/Λ)(Xpi∗Qλ([γq]) is a vertical vector
with respect piQ. In such a case, there is a vertical vector vγq ∈ kerTγqpiQ such that
T[γq](F˜ − IdT∗Q/Λ)(Xpi∗Qλ([γq])) = Tγqpr(vγq ).
From (3.24), we obtain that vγq (f) = 0 for all fiberwise linear function f : T
∗Q → R, which
implies that vγq = 0 and, in consequence, T[γq](F˜ − IdT∗Q/Λ)(Xpi∗Qλ([γq])) = 0.

If the complete Lagrangian fibration (M,Q, pi, ω) has a global section σ : Q → M then, using
the action µ, we can build the following fiber bundle isomorphism from the canonical fibration
piQ : T
∗Q/Λ→ Q to the Lagrangian fibration pi :M → Q given by
(3.25)
ϕσ : T
∗Q/Λ → M
[αq] 7→ µq(αq, σ(q)).
This map is equivariant when we consider the additive action from T ∗Q over T ∗Q/Λ and the
action µ on M. Moreover, using (3.12), one can prove that (see [4])
(3.26) ϕ∗σω = ω˜Q + pi
∗
Q(σ
∗ω).
Then, if σ is Lagrangian, ϕσ is a symplectomorphism between (T
∗Q/Λ, Q, p˜iQ, ω˜Q) and (M,Q,
pi, ω).
The existence of a global Lagrangian section depends only on the triviality of Chern class of
the fiber bundle pi :M → B. In fact, in [4] it is proved the following result.
Theorem 3.2. The following statements are equivalent:
(i) There exists a (symplectic) fiber bundle isomorphism between M and T ∗Q/Λ.
(ii) There exists a global (Lagrangian) section σ : Q→M of the fiber bundle pi :M → Q.
(iii) The Chern class of the fiber bundle pi : M → Q is null (and σ∗ω is an exact 2-form
on Q).
These results justify that the complete Lagrangian fibration (T ∗Q/Λ, Q, p˜iQ, ω˜Q) is called the
symplectic reference or Jacobian Lagrangian fibration associated to the complete Lagrangian
fibration (M,Q, pi, ω).
Using Proposition 3.1 for the symplectic reference of a complete Lagrangian fibration (M,Q, pi, ω),
we deduce the corresponding result
Proposition 3.3. Let F̂ : M → M be diffeomorphism on a complete Lagrangian fibration
(M,Q, pi, ω) such that pi ◦ F̂ = pi. Then, the following statements are equivalent:
(i) F̂ is a symplectomorphism, that is, F̂ ∗ω = ω.
(ii) There exists a unique Lagrangian section σ˜ : Q → T ∗Q/Λ of the corresponding sym-
plectic reference (T ∗Q/Λ, Q, p˜iQ, ω˜Q) of (M,Q, pi, ω) such that
(3.27) F̂ (x) = µ̂(σ˜(pi(x)), x), for all x ∈M,
where µ̂ : T ∗Q/Λ×M →M is the free fibered action deduced from µ : T ∗Q×M →M
given in (3.14).
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Proof. Suppose that (ii) holds. Then we will prove
(3.28) F̂ ∗ω = ω + pi∗(σ˜∗ω˜Q).
In such a case, since σ˜∗ω˜Q = 0, then F̂ is symplectic.
Let x be an arbitrary point of M . Then, there exists an open neighborhood U of q = pi(x) and
a local section σ : U → pi−1(U) of pi such that the map ϕσ : T
∗U/Λ|U → pi
−1(U) defined as in
(3.25) is a fiber bundle isomorphism and
(3.29) ϕ∗σω = ω˜Q + pi
∗
Q(σ
∗ω),
(see (3.26)). Denote by F˜ = ϕ−1σ ◦ F̂ ◦ ϕσ. Then, for all q
′ ∈ U and αq′ ∈ T
∗
q′U,
µ̂(F˜ ([αq′ ]), σ(q
′)) = ϕσ(F˜ ([αq′ ])) = F̂ (ϕσ([αq′ ]))
= µ̂(σ˜(pi(ϕσ([αq′ ]))), ϕσ([αq′ ]))
= µ̂(σ˜(q′), µ̂([αq′ ], σ(q
′)) = µ̂(σ˜(q′) + [αq′ ], σ(q
′)).
Now, from the free character of the action µ̂ we deduce that F˜ = tσ˜|U and consequently, using
(3.19) and (3.29), we have that
F̂ ∗(ω) = (ϕ∗σ)
−1(F˜ ∗(ϕ∗σω)) = (ϕ
∗
σ)
−1(F˜ ∗(ω˜Q + pi
∗
Q(σ
∗ω))
= (ϕ∗σ)
−1(ω˜Q + pi
∗
Q(σ
∗ω) + pi∗Q(σ˜
∗ω˜Q)) = ω + pi
∗(σ˜∗ω˜Q).
Thus, (3.28) holds.
Conversely, if F̂ : M → M is a symplectomorphism, with pi ◦ F̂ = pi, we consider the map
S :M → T ∗Q/Λ characterized by
F̂ (x) = µ̂(S(x), x).
In the following, we will prove that S is a map which is constant into pi−1(q). In fact, if
x ∈ pi−1(q), there exist an open neighborhood U of q and a local section σ : U → pi−1(U) of
pi such that the map ϕσ : T
∗U/Λ|U → pi
−1(U) defined by (3.25) is a fiber bundle isomorphism
and
ϕ∗σω = ω˜Q + pi
∗
Q(σ
∗ω).
Then, using this relation and the fact that F̂ is symplectic, we obtain that the map F˜ =
ϕ−1σ ◦F̂ ◦ϕσ is symplectic and piQ◦F˜ = piQ. Now, from Proposition 3.1, there exists a Lagrangian
section σ˜ : U → T ∗U/Λ|U of piQ such that F˜ = tσ˜. In fact, ϕσ ◦ σ˜ = σ. With a direct
computation, we show that
µ̂(S(y), y) = F̂ (y) = ϕσ(F˜ (ϕ
−1
σ (y))) = µ̂(σ˜(pi(y)), µ̂(ϕ
−1
σ (y), σ(pi(y))))
= µ̂(σ˜(pi(y)), ϕσ(ϕ
−1
σ (y))) = µ̂(σ˜(pi(y)), y),
for all y ∈ pi−1(U). Thus, using the free character of the action µ̂, we deduce that S|U = σ˜ ◦ pi
on U.
Since S is globally defined, this proves that the Lagrangian section σ˜ is also globally defined
and S = σ˜ ◦ pi.
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On the other hand, if σ˜′ : Q→ T ∗Q/Λ is another Lagrangian section and
F̂ (x) = µ̂(σ˜′(pi(x)), x), for all x ∈M,
then, using the free character of the action µ̂, we conclude that σ˜ = σ˜′.

Now, suppose that for a fibration (M,Q, pi), we have actions φ : G×Q→ Q and Φ : G×M →M
of a Lie group G on Q and M respectively, such that pi is G-equivariant, i.e. the following
diagram commutes
M
pi

Φg
// M
pi

Q
φg
// Q
for all g ∈ G. In such a case we say that (M,Q, pi, φ,Φ) is a G-fibration.
Definition 3.4. Let (M,Q, pi, ω) be a Labrangian fibration and Φ, φ be actions on M and Q
respectively, such that (M,Q, pi, φ,Φ) is a G-fibration. Then (M,Q, pi, ω, φ,Φ) is a G-Lagrangian
fibration if the action Φ is symplectic.
A first example of G-Lagrangian fibration is (T ∗Q,Q, piQ, ωQ, φ, T
∗φ) when we consider an
action φ : G×Q→ Q of a Lie group G on the manifold Q.
Now, fix (M,Q, pi, ω, φ,Φ) a complete G-Lagrangian fibration. We can consider the action µ
given by (3.13). Since Φg is symplectic, then, for all α ∈ Ω
1(Q),
i(Φg)∗Xpi∗αω = (Φ
∗
g−1)(iXpi∗αω) = (Φ
∗
g−1 )(pi
∗α) = pi∗(φ∗g−1α),
where ((Φg)∗Xpi∗α)(x) = TΦ
g−1 (x)
Φg(Xpi∗α(Φg−1(x))), for every x ∈M. Therefore,
(TxΦg)(Xpi∗α(x)) = Xpi∗(φ∗
g−1
α)(Φg(x)),
that is, Xpi∗α(x) = (TΦg(x)Φg−1)(Xpi∗(φ∗
g−1
(α))(Φg(x))). Hence, we obtain the G-equivariance of
the action µ, i.e.
(3.30) µφg(q)((T
∗φ)gαq,Φg(x)) = Φg(µq(αq , x)) for all αq ∈ T
∗
qQ and x ∈ pi
−1(q).
An important consequence of this fact is that the Lagrangian submanifold Λ is G-invariant when
we consider the cotangent lift action T ∗φ on T ∗Q. Therefore, the cotangent lifted action T ∗φ
induces a G-action T˜ ∗φ on T ∗Q/Λ and (T ∗Q/Λ, Q, p˜iQ, ω˜Q, φ, T˜ ∗φ) is a G-Lagrangian fibration.
Let Φ˜ : G×T ∗Q/Λ→ T ∗Q/Λ be another action on T ∗Q/Λ such that (T ∗Q/Λ, Q, p˜iQ, ω˜Q, φ, Φ˜)
is a G-Lagrangian fibration. From (3.30) for the corresponding action µ˜Q, we have that
(3.31) (T˜ ∗φ)g([αq]) + Φ˜g([βg]) = Φ˜g([αq + βq])
for all αq, βq ∈ T
∗
qQ.
Then, we define the section Σ(g) : Q→ T ∗Q/Λ of piQ : T
∗Q/Λ→ Q as follows
Σ(g)(q) = (T˜ ∗φ)g−1(Φ˜g([0q])).
From (3.31), it follows that
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Σ(g)(q) = (T˜ ∗φ)g−1(Φ˜g([γq])− (T˜ ∗φ)g([γq])),
= (T˜ ∗φ)g−1(Φ˜g([γq]))− [γq],
for γq ∈ T
∗
qQ, and thus, we obtain that
Φ˜g([γq]) = (T˜ ∗φ)g([γq]) + (T˜ ∗φ)g(Σ(g)(q)).
Therefore, since Φ˜ and T˜ ∗φ are actions, we deduce that
(3.32) Σ(gh) = Σ(h) + (T˜ ∗φ)h−1 ◦ Σ(g) ◦ φh,
for all g, h ∈ G. This condition means that Σ : G → Sect(T ∗Q/Λ) is a one-cocycle in the
cohomology associated with the following complex:
• A n-cochain is a map Σ : G× n. . . ×G→ Sect(T ∗Q/Λ). We denote by Cn(G, Sect(T ∗Q/Λ))
the set of the n-cochains. The set of 0-cochains is Sect(T ∗Q/Λ).
• The coboundary operator δφ : C
n(G, Sect(T ∗Q/Λ))→ Cn+1(G, Sect(T ∗Q/Λ)) is given
by
δφΣ(g1, . . . , gn+1) = (−1)
n+1Σ(g2, . . . , gn+1) +
+
n∑
i=1
(−1)n+i+1Σ(g1, . . . , gi−1, gigi+1, . . . , gn+1) +
+(T˜ ∗φ)g−1
n+1
◦ Σ(g1, . . . , gn) ◦ φgn+1 .
Denote by SectL(T
∗Q/Λ) the subspace of Lagrangian sections in the Lagrangian fibration piQ :
(T ∗Q/Λ, ω˜Q)→ Q. Since T˜ ∗φ is a symplectic action for (T
∗Q/Λ, ω˜Q), then C
•(G, SectL(T
∗Q/Λ))
determines a subcomplex of (C•(G, Sect(T ∗Q/Λ)), δφ).
In general, we have the following result.
Proposition 3.5. Let (M,Q, pi, ω) be a complete Lagrangian fibration and φ : G ×Q → Q be
an action on Q.
(i) If Φ1,Φ2 are two symplectic lifts of φ : G ×Q → Q then, for all g ∈ G, there exists a
Lagrangian section Σ(g) : Q→ T ∗Q/Λ of piQ : T
∗Q/Λ→ Q such that
(3.33) Φ2g(x) = Φ
1
g(µ̂(Σ(g)(pi(x)), x)), for x ∈M,
where µ̂ : T ∗Q/Λ×M →M is the free fibered action given in (3.14).
(ii) If (M,Q, pi, ω, φ,Φ) is a G-Lagrangian fibration, for Σ : G → Sect(T ∗Q/Λ), the map
ΦΣ : G×M →M given by
ΦΣg (x) = Φg(µ̂(Σ(g)(pi(x)), x)),
for x ∈ M, defines an action of G on M if and only if the map Σ is a one-cocycle in
the cohomology complex (C•(G, Sect(T ∗Q/Λ)), δφ).
(iii) In the hypothesis of (ii), the action ΦΣ is also symplectic if and only if the map Σ is
a one-cocycle in the cohomology subcomplex (C•(G, SectL(T
∗Q/Λ)), δφ).
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Proof. (i) Consider, for all g ∈ G, the sympectomorphism F̂g :M →M given by F̂g = Φ
1
g−1◦Φ
2
g.
Then, if we apply Proposition 3.3 to F̂g, we conclude that (3.33) holds.
(ii) The condition ΦΣ is an action is equivalent with the relation
Φh(µ̂(Σ(gh)(pi(x)), x)) = µ̂(Σ(g)(φh(pi(x))),Φh(µ̂(Σ(h)(pi(x)), x))).
Now, from (3.30), we have that
µ̂((T˜ ∗φ)h(Σ(gh)(pi(x))),Φh(x)) = µ̂(Σ(g)(φh(pi(x))), µ̂((T˜ ∗φ)h(Σ(h)(pi(x))),Φh(x)))
= µ̂(Σ(g)(φh(pi(x))) + (T˜ ∗φ)h(Σ(h)(pi(x))),Φh(x)).
Therefore, the free character of µ̂, implies that
Σ(gh) = Σ(h) + (T˜ ∗φ)h−1 ◦ Σ(g) ◦ φh,
i.e. Σ is a one-cocyle for (C•(G, Sect(T ∗Q/Λ), δφ).
(iii) Let Ĝg be the diffeomorphism given by
Ĝg(x) = µ̂(Σ(pi(x)), x), for x ∈M.
Then, it is clear that
ΦΣg = Φg ◦ Ĝg.
This, using Proposition 3.3, implies that Σ(g) is a Lagrangian section for the fibration piQ :
T ∗Q/Λ→ Q. 
Moreover, the cohomologyH•(G,φ, SectL(T
∗Q/Λ)) of the complex (C•((G, SectL(T
∗Q/Λ)), δφ)
classifies the symplectic actions on a complete Lagrangian fibration on Q whose projection is a
fixed action φ on Q.
Theorem 3.6. Let φ : G × Q → Q be an action of the Lie group G on a manifold Q and
(M,Q, pi, ω) be a complete Lagrangian fibration on Q. Consider Σ1,Σ2 : G → SectL(T
∗Q/Λ)
two one-cocycles in the cohomology complex (C•(G, SectL(T
∗Q/Λ)), δφ), and Φ
Σ1 and ΦΣ
2
their corresponding symplectic actions of G on M . Then, there exists a symplectomorphism
F̂ :M →M such that
pi ◦ F̂ = pi and(3.34)
F̂ ◦ ΦΣ
1
g = Φ
Σ2
g ◦ F̂ , for all g ∈ G(3.35)
if and only if [Σ1] = [Σ2] ∈ H1(G,φ, SectL(T
∗Q/Λ)).
Proof. Suppose F̂ : M → M is a symplectomorphism and that (3.34) and (3.35) hold. Then,
the conditions of Proposition 3.3 work and therefore, there exists a Lagrangian section σ˜ : Q→
T ∗Q/Λ of piQ such that F̂ (x) = µ̂(σ˜(pi(x)), x). Since F̂ ◦ Φ
Σ1
g = Φ
Σ2
g ◦ F̂ , we have that
µ̂(σ˜(φg(pi(x))),Φg(µ̂(Σ
1(g)(pi(x)), x))) = Φg(µ̂(Σ
2(g)(pi(x)), µ̂(σ˜(pi(x)), x))
for all x ∈M.
Thus, using (3.30), it follows that
µ̂(σ˜(φg(pi(x))), µ̂((T˜ ∗φ)g(Σ
1(g)(pi(x))),Φg(x)) = µ̂((T˜ ∗φ)g(Σ
2(g)(pi(x)) + σ˜(pi(x)),Φg(x))),
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which implies that
µ̂(σ˜(φg(pi(x)))+(T˜ ∗φ)g(Σ
1(g)(pi(x))),Φg(x)) = µ̂((T˜ ∗φ)g(Σ
2(g)(pi(x))+(T˜ ∗φ)g(σ˜(pi(x))),Φg(x)).
Therefore, since the action µ̂ is free, we deduce that
Σ2(g)− Σ1(g) = (T˜ ∗φ)g−1 ◦ σ˜ ◦ φg − σ˜ = δφ(−σ˜)(g),
that is, [Σ1] = [Σ2].
Conversely, if [Σ1] = [Σ2], then there exists a Lagrangian section σ˜ : Q → T ∗Q/Λ of piQ such
that
Σ1(g)− Σ2(g) = δφ(σ˜)(g) = σ˜ − (T˜ ∗φ)g−1 ◦ σ˜ ◦ φg.
Thus, the map F̂ :M →M given by
F̂ (x) = µ̂(σ˜(pi(x)), x), for x ∈M,
satisfies the conditions of the theorem. Note that
F̂−1(y) = µ̂(−σ˜(pi(y)), y), with y ∈M.

In the case of the symplectic reference associated to a completeG-Lagrangian fibration (M,Q, pi, ω,
φ,Φ) we have
Corollary 3.7. Let (T ∗Q/Λ, Q, p˜iQ, ω˜Q, φ, T˜ ∗φ) be the G-symplectic reference of a complete
G-Lagrangian fibration (M,Q, pi, ω, φ,Φ). Then:
(i) Every symplectic action Φ : G× T ∗Q/Λ→ T ∗Q/Λ which projects on φ is given by
Φg = (˜T ∗φ)g ◦ tΣ(g)
where Σ(g) : Q → T ∗Q/Λ is a section of piQ : T
∗Q/Λ → Q and tΣ(g) : T
∗Q/Λ →
T ∗Q/Λ is the translation tΣg ([γq]) = [γq] + Σ(g)(q).
(ii) If Σ : G → Sect(T ∗Q/Λ) is a map then Φ˜Σg = (T˜
∗φ)g ◦ tΣ(g) defines an action
on T ∗Q/Λ if and only if the map Σ is a one-cocycle in the cohomology complex
(C•((G, Sect(T ∗Q/Λ)), δφ).
(iii) Φ˜Σg defines a symplectic action if and only if the map Σ is a one-cocycle in the coho-
mology complex (C•((G, SectL(T
∗Q/Λ)), δφ).
(iv) Consider Σ1,Σ2 : G → SectL(T
∗Q/Λ) two one-cocycles in the cohomology complex
(C•(G, SectL(T
∗Q/Λ)), δφ), and Φ˜
Σ1 and Φ˜Σ
2
their corresponding symplectic actions
on (T ∗Q/Λ, ω˜Q). Then, there exists a symplectomorphism F˜ : T
∗Q/Λ→ T ∗Q/Λ such
that
piQ ◦ F˜ = piQ and
F˜ ◦ Φ˜Σ
1
g = Φ˜
Σ2
g ◦ F˜ , for all g ∈ G
if and only if [Σ1] = [Σ2] ∈ H1(G,φ, SectL(T
∗Q/Λ)).
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Finally, another application of our results is related with magnetic cotangent bundles.
Indeed, suppose that β is a closed 2-form on Q and consider the symplectic structure on T ∗Q
given by ωQ,β := ωQ+ pi
∗
Qβ. Then, it is easy to prove that piQ : (T
∗Q,ωQ,β)→ Q is a complete
Lagrangian fibration. Moreover, in this case, the Lagrangian submanifold Λ of T ∗Q is just
the zero section and, thus, the symplectic reference of piQ : (T
∗Q,ωQ,β) → Q is the standard
canonical projection piQ : (T
∗Q,ωQ)→ Q.
On the other hand, if φ : G×Q→ Q is an action of G on Q and g ∈ G then
(T ∗φ)∗g(ωQ,β) = ωQ + pi
∗
Q(φ
∗
gβ).
So, if β is G-invariant, we deduce that the cotangent lift of φ is a symplectic action for the total
space of the complete Lagrangian fibration
piQ,β : (T
∗Q,ωQ,β)→ Q.
Using the previous facts, Proposition 3.5 and Theorem 3.6, we deduce the following result.
Corollary 3.8. Let φ : G×Q→ Q be an action of the Lie group G on the manifold Q and β
be a closed 2-form which is G-invariant.
(i) If Φ : G × T ∗Q → T ∗Q is a symplectic action of a Lie group G on (T ∗Q,ωQ + pi
∗
Qβ)
whose projection on Q is the action φ : G× Q → Q, then there exists a differentiable
map A : G×Q→ T ∗Q such that
(a) A is fibered on Q, i.e. piQ ◦A = pr2,
(b) For each g ∈ G, the 1-form Ag on Q is closed.
(c) The action Φ is given by
Φg = (T
∗φ)g ◦ tA(g), for all g ∈ G.
(ii) If A : G × Q → T ∗Q is a smooth map and ΦA : G × T ∗Q → T ∗Q is given by
ΦAg = (T
∗φ)g ◦ tA(g) then Φ
A is an action if and only if A is a one-cocycle in the
cohomology complex (C•(G,Ω1(Q)), δφ).
(iii) ΦA is also symplectic if and only if A(g) is a closed 1-form on Q, for all g ∈ G.
(iv) If A,B : G→ Ω1c(Q) are two one-cocycles in the cohomology complex (C
•(G,Ω1c(Q)), δφ),
and ΦA and ΦB their respective affine symplectic actions on (T ∗Q,ωQ + pi
∗β), then
exists a symplectomorphism F : T ∗Q→ T ∗Q such that
piQ ◦ F = piQ and
F ◦ ΦAg = Φ
B
g ◦ F, for all g ∈ G
if and only if [A] = [B] ∈ H1(G,φ,Ω1c(Q)).
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